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We compute the pion light-cone wave function and the pion quark distribution amplitude in
the Nambu–Jona-Lasinio model. We use the Pauli-Villars regularization method and as a result
the distribution amplitude satisfies proper normalization and crossing properties. In the chiral
limit we obtain the simple results, namely ϕpi(x) = 1 for the pion distribution amplitude, and∫
d2k⊥Ψpi(x,~k⊥)k
2
⊥ = 〈~k
2
⊥〉 = −M〈u¯u〉/f
2
pi for the second moment of the pion light-cone wave
function, where M is the constituent quark mass and fpi is the pion decay constant. After the QCD
Gegenbauer evolution of the pion distribution amplitude good end-point behavior is recovered, and
a satisfactory agreement with the analysis of the experimental data from CLEO is achieved. This
allows us to determine the momentum scale corresponding to our model calculation, which is close to
the value Q0 = 313 MeV obtained earlier from the analogous analysis of the pion parton distribution
function. The value of 〈~k2⊥〉 is, after the QCD evolution, around (400 MeV)
2. In addition, the
model predicts a linear integral relation between the pion distribution amplitude and the parton
distribution function of the pion, which holds at the leading-order QCD evolution.
PACS numbers: 12.38.Lg, 11.30, 12.38.-t
Keywords: pion light-cone wave function, pion distribution amplitude, chiral symmetry, Nambu–Jona-Lasinio
model, exclusive QCD processes, QCD evolution
I. INTRODUCTION
The study of high-energy exclusive processes [1] pro-
vides a convenient tool of learning about the quark sub-
structure of hadrons. In this limit the total amplitude
factorizes into a hard contribution, computable from per-
turbative QCD, and a soft matrix element which requires
a non-perturbative treatment. From the point of view of
chiral symmetry breaking a particularly interesting pro-
cess is provided by the γ∗ → γ∗π0 transition form fac-
tor. For real photons its normalization is fixed by the
anomalous breaking of chiral symmetry by the π0 → γγ
decay. In addition, in the limit of large photon virtual-
ities, factorization allows us to define the leading-twist
pion distribution amplitude as a low energy matrix el-
ement whose normalization is fixed by the pion weak-
decay constant, a spontaneous chiral symmetry break-
ing feature of the QCD vacuum. It seems obvious that
such a process offers a unique opportunity not only to
learn about the interplay between high and low ener-
gies, but also to understand the relation between the
spontaneous and the anomalous chiral symmetry break-
ing. Radiative logarithmic corrections to the pion dis-
tribution amplitude (PDA) can be easily implemented
through the QCD evolution equations [2, 3], which yield
for Q2 → ∞ the asymptotic wave function of the form
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ϕπ(x,∞) = 6x(1 − x). Moreover, the pion transition
form factor has been measured by the CELLO [4] and,
recently, the CLEO collaborations [5]. A theoretical anal-
ysis of PDA based on these data and light-cone sum rules
has been undertaken [6], showing that at Q = 2.4 GeV
PDA is neither asymptotic, nor possesses the double-
hump structure [7] proposed in early works [8] [49].
The pion distribution amplitude has been evaluated
with QCD sum rules [9, 10, 11, 12, 13, 14], in stan-
dard [15] (only the second ξ-moment) and transverse lat-
tice approaches [16, 17, 18], and in chiral quark mod-
els [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29]. In chi-
ral quark models the results are not always compatible
to each other, and even their interpretation has not al-
ways been the same. While in same cases there are
problems with chiral symmetry and proper normaliza-
tion [20, 21, 25], in other cases [22, 23, 24, 25, 26, 28, 29]
it is not clear how to associate the scale at which the
model is defined, necessary to define the starting point for
the QCD evolution. Nevertheless, there is a precise way
to identify the low energy scale, Q0, at which the model is
defined, namely the one at which the quarks carry 100%
of the total momentum [30, 31]. The fact that several
calculations [20, 21, 23, 24, 25, 26, 28] produce a PDA
strongly resembling the asymptotic form suggests that
their working scale is already large, and the subsequent
QCD evolution becomes unnecessary, or numerically in-
significant. This also tacitly assumes that these models
already incorporate the QCD radiative corrections.
In the present paper we compute the pion distribution
amplitude and the pion light-cone wave function within
2the Nambu–Jona-Lasinio (NJL) model [32, 33] in a semi-
bosonized form using the Pauli-Villars (PV) regulariza-
tion method [34]. This method has been introduced in
Refs. [35, 36] in the context of chiral perturbation theory,
as well as for chiral solitons. From the point of view of
the NJL model the study of exclusive processes becomes
interesting in its own right. Although factorization holds
beyond doubt in QCD, it is far from obvious that any
of the regularization schemes used to make a low-energy
model well defined is compatible with factorization. In
addition, we want to determine what is the low-energy
scale, Q0, the model corresponds to. Here we obtain it
with help of the analysis of PDA and compare it to the
Q0 obtained in deep inelastic scattering (DIS) from the
corresponding parton distribution function of the pion
(PDF).
To a large extent our treatment of PDA parallels the
calculation of PDF carried out in previous works [37,
38, 39]. There, it has been argued that for inclusive
processes, such as in deep inelastic scattering, by far
the most convenient regularization scheme is the Pauli-
Villars (PV) method. Such a regularization allows the ex-
traction of the leading-twist contribution to the forward
virtual Compton amplitude which possesses proper sup-
port and normalization. The relevance of regularization
in chiral quark models should not be underestimated; it
is not evident what is the most convenient way to cut-off
high energies in such a way that most features of QCD
are retained. Those include chiral symmetry, gauge in-
variance, and scaling properties. The main outcome of
the calculation presented in Ref. [37] was that, at the
scale Q0 at which the model is defined, the valence PDF
is a constant equal to one,
q(x,Q0) = q¯(1− x,Q0) ≡ Vπ(x,Q0)/2 = 1. (1)
After QCD evolution at leading order (LO), impressive
agreement with the analysis of Ref. [40] at the reference
scale Q = 2GeV has been achieved. At this scale the va-
lence quarks carry 47% of the total momentum. This im-
plies a rather low scale Q0, as suggested by the evolution
ratio α(2GeV)/α(Q0) = 0.15 relevant at leading order.
For α(2GeV) = 0.32 listed in the PDG [41], and for the
evolution with three flavors, this corresponds to [50]
Q0 = 313MeV, α(Q0) = 2.14 (2)
(see Ref. [37] for details). The low scales are confirmed by
the next-to-leading (NLO) analysis of Ref. [39], with the
NLO effects small compared to the LO ones [51]. Moti-
vated by this success, in the present paper we investigate
whether the evolution ratio and the values (2) found in
deep inelastic scattering are compatible with the values
extracted from a similar analysis of PDA at LO in the
same model (NJL) with the same (PV) regularization.
This is the main objective of this work.
In the NJL model PDA has already been estimated by
several authors [23, 24, 28]. The work of Refs. [23, 24]
uses the Brodsky-Lepage cut-off regularization as sug-
gested by the light-front quantization formalism. As a
consequence, the asymptotic form ϕ(x,Q0) = 6x(1 − x)
is obtained without any additional evolution. On the
other hand, the same regularization yields PDF of the
form xVπ(x,Q0) ∼ 6x2(1 − x) [24, 42] which is far from
the asymptotic value xVπ(x,∞) = xδ(x) = 0. This is a
rather puzzling result, which may have to do with sub-
tleties of introducing a regularization in the light-cone
quantization method (see also Ref. [42]). For that reason
we prefer to use a manifestly covariant formalism, where
chiral symmetry can be easily implemented in presence of
the regularization. In Ref. [28] PDA has been extracted
from the transition form factor by examining the asymp-
totic behavior for large photon virtualities. This requires
introducing a regularization for an abnormal parity pro-
cess which also modifies the chiral anomaly, and hence,
for typical parameter values [43], the π0 → γγ decay
rate is reduced by 40% of the current algebra value. Our
approach is free of such problems.
II. THE NAMBU–JONA-LASINIO MODEL
For the reader’s convenience we briefly review the NJL
model in such a way that our results can be easily stated.
The SU(2) NJL Lagrangian in the Minkowski space is
given by [32, 33]
LNJL = q¯(i/∂ −M0)q + G
2
(
(q¯q)2 + (q¯~τ iγ5q)
2
)
(3)
where q = (u, d) represents a quark spinor with Nc col-
ors, ~τ are the Pauli isospin matrices, M0 stands for the
current quark mass, and G is the coupling constant. In
the limiting case of the vanishing M0 the action is in-
variant under the global SU(2)R ⊗ SU(2)L transforma-
tions. With help of bosonization, the vacuum-to-vacuum
transition amplitude in presence of external vector and
axial-vector currents,(v, a), can be written as the path
integral
〈0|Texp
{
i
∫
d4x [q¯ (/v + /aγ5) q]
}
|0〉
=
∫
DΣD~Πexp{iS}.
The following Dirac operators
iD = i/∂ −M0 − (Σ + iγ5~τ · ~Π) + /v + /aγ5,
iD5 = −i/∂ −M0 − (Σ− iγ5~τ · ~Π) + /v − /aγ5,
are introduced. The fields (Σ, ~Π) are dynamical, internal
bosonic scalar-isoscalar and pseudoscalar-isovector fields,
which after suitable renormalization can be interpreted
as the physical σ and pion fields. The PV-regularized
normal parity (γ5-even) contribution to the effective ac-
tion is [35, 36]
Seven = − iNc
2
∑
i
citr log(DD5 + Λ
2
i + iǫ)
− 1
2G
∫
d4x(Σ2 + ~Π2), (4)
3with tr denoting the trace in the Dirac and isospin space.
In general, we assume n PV subtractions, with the con-
ditions
∑n
i=0 ciΛ
2k
i = 0 for k = 0, ..., n , and with c0 = 1,
Λ0 = 0. At least two subtractions (n = 2), which is the
case used throughout this paper, are needed to regularize
the quadratic divergence. The abnormal parity (γ5-odd)
contribution to the effective action is
Sodd = − iNc
2
{
tr log(D2)− tr log(D25)
}
(5)
Notice that no explicit finite cut-off regularization is in-
troduced in the abnormal parity contribution, as de-
manded by a proper reproduction of the QCD chiral
anomaly. This subtle and important point has been dis-
cussed in detail in Ref. [44].
Any mesonic correlation function can be obtained from
this gauge-invariantly regularized effective action by a
suitable functional differentiation with respect to the rel-
evant external fields. In practice, one usually works in the
formal limit large Nc, in other words, at the one-quark-
loop level. To fix the parameters in the PV-regularized
NJL model we proceed as usual (see, e.g., Ref. [36]). The
effective potential leads to dynamical chiral symmetry
breaking, thereby yielding a dynamical quark mass, M ,
and condensates given by
〈u¯u〉 = 〈d¯d〉 = −M −M0
2G
= 4NcMI2, (6)
where the quadratically-divergent integral, I2, is defined
as
I2 = i
∫
d4k
(2π)4
∑
i
ci
1
(−k2 +M2 + Λ2i − iǫ)
=
1
(4π)2
∑
i
ci(Λ
2
i +M
2) log(Λ2i +M
2). (7)
The calculation of the relevant correlation function yields
for the pion mass
m2π =
2I2
F (m2π)
M0
M −M0 . (8)
The pion weak-decay constant, fπ, and the pion-quark
coupling constant, gπqq, are given by
fπ = 4NcMF (m
2
π)gπqq, (9)
1
g2πqq
= 4Nc
d
dp2
{
p2F (p2)
}∣∣∣
p2=m2pi
, (10)
respectively. We have introduced the following short-
hand notation:
F (p2) =
∫ 1
0
dxF (p2, x), (11)
where, in terms of the PV-regularized one-loop integrals,
F (p2, x) = −i
∫
d4k
(2π)4
∑
i
× (12)
ci
1
[−k2 − x(1 − x)p2 +M2 + Λ2i − iǫ]2
= − 1
(4π)2
∑
i
ci log
[
M2 + Λ2i − x(1 − x)p2
]
.
The function F in an obvious manner satisfies the sym-
metry relation F (p2, x) = F (p2, 1−x). In the case of two
subtractions, and in the limit Λ1 → Λ2 ≡ Λ used in this
paper, we have
∑
i cif(Λ
2
i ) = f(0)−f(Λ2)+Λ2f ′(Λ2). In
the numerical analysis of this paper we work in the strict
chiral limit, with M0 = 0. The parameters are fixed as
usual; we adjust the cut-off, Λ, in order to reproduce the
physical pion weak-decay constant, fπ = 93.3 MeV. The
coupling constant, G, is traded for the constituent quark
mass, M , which remains the only free parameter of the
model. In our study of the pion light-cone wave function
we use two sets, which cover the range used in other phe-
nomenological applications of the model: M = 280 MeV,
Λ = 871 MeV (case of Ref. [37]), and M = 350 MeV,
Λ = 770 MeV. These give the quark condensate equal to
〈u¯u+ d¯d〉 = −(290MeV)3 and −(271MeV)3, respectively.
As we shall see, the results are insensitive to the choice
of parameters.
III. PION LIGHT-CONE WAVE FUNCTION
AND PION DISTRIBUTION AMPLITUDE
The pion light-cone wave function (the axial-vector
component) is defined as the low-energy matrix ele-
ment [52]
Ψπ(x,~k⊥) = − i
√
2
4πfπ
∫
dξ−d2ξ⊥e
i(2x−1)ξ−p+−ξ⊥·k⊥ ×
〈π+(p)|u¯(ξ−, ξ⊥)γ+γ5d(0)|0〉. (13)
where p± = mπ and ~p⊥ = 0. The pion distribution
amplitude is defined as
ϕπ(x) =
∫
d2k⊥Ψπ(x,~k⊥) (14)
Formally, in the momentum space, Eq. (13) corresponds
to integration over the quark momenta in the loop inte-
gral used in the evaluation of fπ, but with k
+ = p+x =
mπx and k⊥ fixed. Thus, with the PV method and after
working out the Dirac traces, we have to compute
Ψπ(x,~k⊥) = −2iNcMgπqq
fπ
∫
dk+dk−
(2π)4
×
δ (k+ − xp+)
mπx(1 − x)
∑
j
cj × (15)
1
k− −mπ +
~k2
⊥
+M2+Λ2
j
+i0+
mpi(1−x)
1
k− − ~k
2
⊥
+M2+Λ2
j
+i0+
mpix
,
4where the location of the poles in the k− variable has
been explicitly displayed. Evaluating the k− integral
gives the pion LC wave function in the NJL model with
the PV regularization:
Ψπ(x, k⊥) =
4NcMgπqq
16π3fπ
∑
j
cj ×
1
k2⊥ + Λ
2
j +M
2 − x(1 − x)m2π
. (16)
The function is properly normalized,∫
d2k⊥dxΨπ(x, k⊥) = 1, (17)
and satisfies the crossing relation
Ψπ(x,~k⊥) = Ψπ(1− x,~k⊥). (18)
For mπ 6= 0 it is non-factorizable in the k⊥ and x vari-
ables. Integrating with respect to k⊥ yields the pion
distribution amplitude,
ϕπ(x) = 4NcMF (m
2
π, x)
gπqq
fπ
. (19)
The crossing property, ϕπ(x) = ϕπ(1 − x) follows triv-
ially, and Eq. (9) gives the correct normalization, namely∫
dxϕπ(x) = 1.
As a consequence of the PV condition with two sub-
tractions one has, for large k⊥,
Ψπ(x, k⊥) → 4NcM
2
16π3f2π
∑
i ciΛ
4
i
k6⊥
, (20)
which gives a finite normalization and a finite second
transverse moment,
〈k2⊥〉 =
∫
d2k⊥
∫ 1
0
dxΨπ(x, k⊥)k
2
⊥ (21)
In the chiral limit, mπ = 0, one can use the Goldberger-
Treiman relation for the constituent quarks, gπqqfπ =
M . Then f2π = 4NcM
2F (0), which gives the very simple
formulas
Ψπ(x, k⊥) =
4NcM
2
16π3f2π
∑
i
ci
1
k2⊥ + Λ
2
i +M
2
, (22)
ϕπ(x) = 1, (23)
〈~k2⊥〉 = −
M〈u¯u〉
f2π
. (24)
In the chiral limit Ψπ(x,~k⊥) becomes trivially factoriz-
able, since it is independent of x. A remarkable feature is
that the last two relations, Eq. (23) and Eq. (24), are in-
dependent of the PV regulators. A similar situation has
also been encountered when computing PDF in the chiral
limit [37]; it was a constant equal to one, regardless on
the details of the PV regulator. We will show below that
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FIG. 1: The pion light-cone wave function in the chiral limit,
evaluated in the Nambu–Jona-Lasinio with the Pauli-Villars
regularization with two subtractions and with the constituent
quark mass M = 280MeV (solid line) and 350 MeV (dashed
line), plotted as a function of the transverse momentum k⊥.
The wave funcion does not depend on x. The normaliza-
tion is such that
∫
d2~k⊥Ψpi(x, k⊥) = ϕpi(x) = 1. The second
transverse moment is 〈~k2⊥〉 = −M〈u¯u〉/f
2
pi = (625MeV)
2 for
M = 280MeV and (634MeV)2 for M = 350MeV . The scale
relevant for the calculation, as inferred from the QCD evolu-
tion [37], is Q0 = 313 MeV.
by putting together Eq. (23) and the results of Ref. [37]
an interesting relation follows.
Higher transverse moments diverge if one restricts the
number of Pauli-Villars subtractions to two, but Eq. (23)
and Eq. (24) remain still valid if more subtractions are
considered.
In Fig. (1) we show the k⊥-dependence of the light-
cone pion wave function in the chiral limit (finite pion
mass corrections turn out to be tiny, at the level of a
few %) for the PV regularization with two subtractions,
and with M = 380MeV and 350 MeV. For these values
we get the transverse moment 〈~k2⊥〉 = (625MeV)2, and
(634MeV)2, respectively. This value is about a factor
of two larger than the one found in Ref. [25], namely
(430MeV)2, and a factor of four higher than the findings
of Ref. [45], (316MeV)2, at the scale at which α/π ∼ 0.1,
i.e. Q ∼ 1 − 2GeV. As we shall see below, a part of
the discrepancy can be attributed to the QCD radiative
corrections.
In non-local versions of the chiral quark model, where
a momentum-dependent mass function is introduced as
a physically motivated regulator, the trend to produce
a constant PDA has also been observed if the constant
mass limit is considered [20, 21, 25]. In those models
such a limit effectively corresponds to removing the reg-
ulator, against the original spirit of the model. Unfortu-
nately, for the genuine non-local case those calculations
violate proper normalization of PDA, because the em-
ployed currents do not comply with the necessary Ward
identities required by chiral symmetry. The problem has
been addressed in Ref. [26], where it has been found
that about a third of the normalized PDA comes from
5the non-local currents. For a Gaussian mass function
there is a clear flattening of ϕπ(x) in the central region
of 0.2 ≤ x ≤ 0.8 [29].
We stress that our result, Eq. (23), holds true without
removing the Pauli-Villars regulator and is in harmony
with chiral symmetry, since the starting point was the
normal parity action, which by construction preserves
chiral symmetry. Obviously, the fact that our final an-
swer does not depend on the form of the PV regulators
used makes any subsequent manipulation with the regu-
lators fully irrelevant.
Another point is that PDA from Eq. (23) and PDF
from Eq. (1) yield the relation ϕπ(x) = Vπ(x)/2 valid at
a low scale Q0. It is noteworthy that in the framework of
QCD sum rules the same identity between PDA and PDF
has also been obtained [11] at some scale, although there
the asymptotic form for PDA was assumed without the
QCD evolution, while PDF was obtained by QCD evolu-
tion. We will show below that if evolution is undertaken
for both PDA and PDF at the same low energy scale, an
overall consistent picture arises.
IV. QCD EVOLUTION
The comparison of the leading-twist PDA to high-
energy experimental data requires, like for PDF, the in-
clusion of radiative logarithmic corrections through the
QCD evolution [2, 3]. For the pion distribution ampli-
tude this is done in terms of the Gegenbauer polynomials,
by interpreting our low-energy model result as the initial
condition. For clarity we work in the chiral limit, hence
ϕπ(x,Q0) = 1. (25)
Then, the LO-evolved distribution amplitude reads [2, 3]
ϕπ(x,Q) = 6x(1− x)
∞∑
n=0
′
C3/2n (2x− 1)an(Q), (26)
where the prime indicates summation over even values of
n only. The matrix elements, an(Q), are the Gegenbauer
moments given by
an(Q) =
2
3
2n+ 3
(n+ 1)(n+ 2)
(
α(Q)
α(Q0)
)γ(0)n /(2β0)
×
∫ 1
0
dxC3/2n (2x− 1)ϕπ(x,Q0), (27)
with C
3/2
n denoting the Gegenbauer polynomials, and
γ(0)n = −2CF
[
3 +
2
(n+ 1)(n+ 2)
− 4
n+1∑
k=1
1
k
]
,
β0 =
11
3
CA − 2
3
NF , (28)
with CA = 3, CF = 4/3, and NF being the number of
active flavors, which we take equal to three [53]. With
0
0.5
1
1.5
2
0 0.2 0.4 0.6 0.8 1
ϕ pi
 
(x,
 Q
 ) 
x
Q2 = 5.8 GeV2 
r=0.09
r=0.21
 6x(1-x) (Asymptotic Result)
ϕpi (x, Q0 ) = 1 (Initial condition)
FIG. 2: The pion distribution amplitude in the chiral limit
evolved to the scale Q2 = (2.4GeV)2. The two values for
the evolution ratio r = α(Q)/α(Q0) reflect the uncertainties
in the values of Ref. [6] based on an analysis of the CLEO
data. We also show the unvolved PDA, ϕpi(x,Q0) = 1, and
the asymptotic PDA, ϕpi(x,∞) = 6x(1− x).
our constant amplitude (25) we get immediately
∫ 1
0
dxC3/2n (2x− 1)ϕπ(x,Q0) = 1. (29)
Thus, for a given value of Q we may predict PDA.
We need, however, to know what the initial scale Q0
is, or, equivalently, to know the evolution ratio r =
α(Q)/α(Q0). The fitting procedure of Ref. [6] yields
a2(2.4GeV) = 0.12 ± 0.03 (with the assumption ak = 0,
k > 2). We treat this as experimental input, and then
with help of Eqs. (27,29) we get for the evolution ratio
α(Q = 2.4GeV)/α(Q0) = 0.15± 0.06. (30)
which at LO implies Q0 = 322 ± 45MeV, a value com-
patible within errors with (2).
The fit of Ref. [6] with non-zero a4 yields a2 =
0.19 ± 0.04 ± 0.09 and a4 = −0.14 ± 0.03 ∓ 0.09. The
central value of a2 would imply, according to our pre-
scription, the evolution ratio of 0.31, and, correspond-
ingly, Q0 = 0.47
+0.51
−0.19 GeV, a much larger central value
than (2), but with very large errors. For that reason, in
the numerical studies below we use the value (30) for the
evolution ratio.
We can now predict the following lowest-order coeffi-
cients:
a4(2.4GeV) = 0.044± 0.016
a6(2.4GeV) = 0.023± 0.010
a8(2.4GeV) = 0.014± 0.006 (31)
a10(2.4GeV) = 0.009± 0.005
6For the sum of the Gegenbauer coefficients we get the
estimate
∞∑
n=2
′
an(Q = 2.4GeV) =
∫ 1
0
dx
ϕπ(x,Q = 2.4GeV)
6x(1− x) − 1
= 0.25± 0.10 (32)
where the uncertainties correspond to the uncertainties
in Eq. (30).
The leading-twist contribution to the pion transition
form factor is, at the LO in the QCD evolution [1], equal
to
Q2Fγ∗→πγ(Q)
2fπ
∣∣∣
twist−2
=
∫ 1
0
dx
ϕπ(x,Q)
6x(1 − x) (33)
The experimental value obtained in CLEO [5] for the
full form factor is Q2Fγ∗,πγ(Q)/(2fπ) = 0.83 ± 0.12 at
Q2 = (2.4GeV)
2
. Our value for the integral, 1.25± 0.10,
overestimates the experimental result, although at the
2σ-confidence level both numbers are compatible. Tak-
ing into account the fact that we have not included nei-
ther NLO effects nor an estimate of higher-twist contri-
butions, the result is quite encouraging.
In Fig. 2 we show our PDA evolved to Q = 2.4GeV,
for two values of the evolution ratio, which reflect the
uncertainties from Eq. (30). We also show the initial
and the asymptotic PDA’s. It is interesting to note that
after evolution our results closely resemble those found in
transverse lattice approaches [16, 17, 18]. In particular,
we get for the second ξ-moment (ξ = 2x− 1),
〈ξ2〉 =
∫ 1
0
dxϕπ(x,Q = 2.4GeV)(2x− 1)2
= 0.040± 0.005, (34)
to be compared with 〈ξ2〉 = 0.06 ± 0.02 obtained in the
standard lattice QCD for Q = 1/a = 2.6± 0.1GeV [15].
From the PDF calculation at LO of Ref. [37] we estimate
that if the momentum fraction carried by the valence
quarks at Q = 2GeV is 0.47 ± 0.02%, then Q0 is such
that α(Q0) = 2.14, and the evolution ratio at Q = 2GeV
is r = 0.15. Then, for Q = 2.4GeV we get r = 0.14 from
the analysis of PDF, a value compatible, within uncer-
tainties, with the present calculation, Eq. (30). This is
a crucial finding, showing the consistency of the results
obtained in our approach.
One might worry that the starting condition (25)
does not satisfy the end-point vanishing behavior and
therefore cannot be expanded in terms of the Gegen-
bauer polynomials. This is true, provided one insists
on uniform pointwise convergence. However, the Gegen-
bauer polynomials form a complete set in the space of
square-summable functions, hence convergence may be
understood in a weak sense [54]. The slow convergence
is reflected by the fact that in Fig. 2 at least 30-100
Gegenbauer polynomials are needed for evolution ratios
r = 0.9− 0.21 respectively. The convergence at the mid-
point, x = 1/2, is improved, since the series for ϕ(x,Q)
is sign-alternating. At the end-points, x = 0, 1, the se-
ries diverges, since C
3/2
2k (±1) = 12 (2k+ 1)(2k+ 2), which
means that the convergence in Eq. (26) is not uniform.
In order to analyze the behavior close to the end-points
in a greater detail we consider the large-n contribution
to Eq. (26). We have
(
α(Q)
α(Q0)
)γ(0)n /(2β0)
→ n−
4CF
β0
ln α(Q)
α(Q0) , (35)
hence, for Q→ Q0, Q > Q0, and with x→ 0 (recall that
the function is symmetric under x→ 1− x), we obtain
ϕπ(x→ 0, Q) → 8xζ
(
4CF
2β0
ln
α(Q)
α(Q0)
+ 1
)
, (36)
where ζ(z) =
∑∞
n=1 n
−z is the Riemann ζ function, and
ζ(1) =
∑∞
n=1 n
−1 = ∞. Thus the slope of the evolved
PDA at the end-points becomes steeper and steeper as
Q→ Q0.
The QCD evolution also influences the value of the
transverse moment. According to the work of Ref. [45],
〈~k2⊥〉 can be expressed as 〈~k2⊥〉 = 5m20/36, where m20 =
〈q¯σµνFµνq〉/〈q¯q〉 is the ratio between the quark-gluon
and quark condensates. The quantity m20 is scale de-
pendent and has been estimated to be m20(1GeV) =
0.8 ± 0.2GeV2 [46]. Using the corresponding anoma-
lous dimensions, 4 for 〈q¯q〉 and −2/3 for 〈q¯σµνFµνq〉 [47],
yields
〈k2⊥〉Q
〈k2⊥〉Q0
=
(
α(Q)
α(Q0)
)(4+2/3)/β0
=
(
α(Q)
α(Q0)
)14/(33−2Nf )
. (37)
For NF = 3 this scale dependence can be seen in
Fig. (3). For the values Q = 1 − 2GeV one gets a
reduction factor of 0.37 − 0.45 for the ratio (37), and
〈k2⊥〉Q = (430MeV)2 − (380MeV)2 for the second trans-
verse moment, somewhat higher than the QCD sum rules
estimate based on Ref. [45], (316MeV)2, or on Ref. [46],
(333± 40MeV)2.
V. THE RELATION TO DEEP INELASTIC
SCATTERING
As we have already stated in Eq. (1), the valence PDF
for the pion in the chiral limit has also been found to
be a constant equal to one [37]. At LO the non-singlet
evolution of the PDF moments is quite similar to that of
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FIG. 3: Dependence of the second transverse moment of
the pion light-cone wave function, 〈k2⊥〉Q/〈k
2
⊥〉Q0 (solid line),
the second Gegenbauer moment a2(Q)/a2(Q0) of the pion
distribution amplitude (dashed line), and the evolution ra-
tio r = α(Q)/α(Q0) (dotted line), plotted as functions of
the scale Q. The leading-order QCD evolution is applied.
All quantities are relative to their values at the low energy
scale, Q0 = 313MeV, at which the momentum fraction car-
ried the quarks equals unity [37], according to the prescrip-
tion that in a quark model Q0 is defined by the condition
〈xVpi(x,Q0)〉 = 1. In our model α(Q0) = 2.14, a2(Q0) = 7/18,
and 〈k2⊥〉Q0 = (625MeV)
2 for M = 280MeV and (634MeV)2
for M = 350MeV and in the chiral limit.
the Gegenbauer moments of PDA, Eq. (26), namely∫ 1
0
dxxnVπ(x,Q) = (38)
(
α(Q)
α(Q0)
)γ(0)n /(2β0) ∫ 1
0
dxxnVπ(x,Q0) =
2
n+ 1
(
α(Q)
α(Q0)
)γ(0)n /(2β0)
.
Thus, for n = 2, one obtains
a2(Q)
a2(Q0)
=
〈x2Vπ(x,Q)〉
〈x2Vπ(x,Q0)〉 =
(
α(Q)
α(Q0)
)γ(0)2 /(2β0)
. (39)
For NF = 3 this scale dependence for the ratios can be
looked up in Fig. (3). Using 〈x2Vπ(x,Q0)〉 = 2/3 and
a2(Q0) = 7/18 yields
a2(Q)
〈x2Vπ(x,Q)〉 =
7
12
, (40)
hence a2(2GeV) = 0.12±0.01 for 〈x2Vπ〉 = 0.20±0.01 [40]
and a2(2GeV) = 0.10±0.01 for 〈x2Vπ〉 = 0.17±0.01 [48].
One can combine Eqs. (1,23,26,39) to obtain the fol-
lowing very interesting LO relation that holds in the con-
sidered model:
ϕπ(x,Q)
6x(1− x) − 1 =
∫ 1
0
dyK(x, y)Vπ(y,Q), (41)
where the kernel K is independent of Q2, and is given by
K(x, y) =
∞∑
n=2
′
(2n+ 3)
3(n+ 2)
C3/2n (2x− 1)yn. (42)
In general, the relation (41) holds in any model where
PDA and PDF are simultaneously equal to unity at some
scale Q0, and are subsequently evolved at LO. Physi-
cally, Eq. (41) simply tells us that the departure of PDA
at a given Q2 from the asymptotic form is proportional
to a weighted integral of PDF at the same Q. Clearly,
ϕπ(x,Q) → 6x(1 − x) if Vπ(x,Q) → 2δ(x) or, equiva-
lently, xVπ(x,Q)→ 0, sinceK(x, 0) = 0. Roughly speak-
ing, in the present model the pion distribution function
is as close to the asymptotic value as the non-singlet par-
ton distribution. A remarkable feature of relation (41) is
that it binds matrix elements related to exclusive (PDA)
and to inclusive (PDF) processes.
In order to evaluate the kernel we use the symmetrized
generating function of the Gegenbauer polynomials,
G(x, y) =
∞∑
n=2
′
C3/2n (2x− 1)yn =
1
2
{
R
−3/2
+ +R
−3/2
−
}
− 1
R± = 1∓ 2(2x− 1)y + y2, (43)
whence one can obtain
K(x, y) =
2
3
G(x, y)− 1
3y2
∫ y
0
dy′y′G(x, y′). (44)
The integrals can be worked out to yield the final result
K(x, y) =
1
24R
3/2
+ y
2(x− 1)x
×
[8 (x− 1)xy2 +R+ ((2x− 1) y − 1)
+2
√
R+ (x− 1)xy2
(
1 + (2− 4x) y + y2)
+R
3
2
+
(
1− 8 (x− 1)xy2)]− (y ↔ −y) (45)
To test the success of Eq. (41) we need some input for
Vπ(x,Q). However, taking into account the fact that the
agreement of the evolved valence PDF, Vπ(x,Q) with the
parameterization of Ref. [40] at Q2 = 4GeV2 is almost
perfect [37, 39], and that the results are almost insen-
sitive to the evolution ratio, α(Q)/α(Q0), Fig. 2 can be
regarded as a direct prediction of Eq. (41) taking Ref. [40]
as input for Vπ(x,Q). A further consequence of Eq. (41)
may be obtained by integrating with respect to x and
performing the sum over n. Through the use of Eq. (32)
we get
∞∑
n=2
′
an(Q) =
∫ 1
0
dyκ(y)Vπ(y,Q) (46)
where
κ(y) =
∫ 1
0
dxK(x, y) =
∞∑
n=2
′
(2n+ 3)
3(n+ 2)
yn (47)
=
3y2 + 1
6(1− y2) +
log(1 − y) + log(1 + y)
6y2
.
8Notice that, for Q → ∞ we get Vπ(x,Q) → 2δ(x) and
since κ(y) = 7y2/12 + O(y4) one gets ∑∞n=2′an(Q) →
0, as expected. Finally, using the parameterization of
Ref. [40] we get [55]
∞∑
n=2
′
an(2GeV) = 0.25± 0.03, (48)
a value perfectly compatible with Eq. (32) although with
smaller uncertainties [56]. Again, this verifies the consis-
tency of our approach.
VI. CONCLUSIONS
We summarize our points. We have computed the
light-cone pion wave function and the pion distribution
amplitude in the Nambu–Jona-Lasinio model. To this
end, and to comply with previous results regarding the
parton distribution functions, we have used the Pauli-
Villars regularization method in such a way that chi-
ral symmetry, gauge invariance, and relativistic invari-
ance are preserved. As a result, we find that in the
chiral limit the pion distribution amplitude, computed
as a low energy matrix element of an appropriate op-
erator, is a constant equal to one, ϕπ(x) = 1, and the
second transverse moment of the pion light-cone wave
function is 〈~k2⊥〉 = −M〈u¯u〉/f2π, with M denoting the
constituent quark mass. Both results are independent of
the particular form of the Pauli-Villars regulators used.
After the QCD evolution of the pion distribution am-
plitude to the experimentally accessible region we find
a result still rather far away from the asymptotic form,
ϕπ(x) = 6x(1 − x), but in a good agreement with the
analysis of the experimental data from the CLEO collab-
oration. We can determine the working momentum scale
for the model to be Q0 = 313 MeV, a rather low value.
Moreover, the scale Q0 obtained in this work is com-
patible, within experimental uncertainties, to the value
obtained from the previous analysis of the parton dis-
tribution functions, carried out within exactly the same
model. At the scale Q0 the quarks carry all the mo-
mentum of the pion. Our value obtained for the second
transverse moment of the pion light-cone wave function,
〈~k2⊥〉, becomes, after the QCD evolution, not far from the
estimates based on the QCD sum rules. Finally, we have
also derived a model relation which binds the departure
of the pion distribution amplitude from its asymptotic
value to an integral involving the pion quark distribu-
tion function. The relation, specific to the feature of
our model that at the scale Q0 both the PDA and PDF
are constant and equal to unity, has been successfully
checked against the available data.
We thank Micha l Prasza lowicz for several stimulat-
ing discussions. This work has been partially supported
by the DGES under contract PB98-1367 and by the
Junta de Andaluc´ıa (Spain). Partial support from the
Spanish Ministerio de Asuntos Exteriores and the Polish
State Committee for Scientific Research, grant number
07/2001-2002, is also gratefully acknowledged.
[1] G. P. Lepage and S. J. Brodsky, Phys. Rev. D 22 (1980)
2157.
[2] G. P. Lepage and S. J. Brodsky, Phys. Lett. B 87 (1979)
359.
[3] D. Mu¨ller, Phys. Rev. D 51 (1995) 3855.
[4] CELLO Collaboration (H.-J. Behrend et al.), Z. Phys. C
49 (1991) 401.
[5] CLEO Collaboration (J. Gronberg et al.), Phys. Rev. D
57 (1998) 33.
[6] A. Schmedding and O. Yakovlev, Phys. Rev.D 62 (2000)
116002.
[7] V. L. Chernyak and A. R. Zhitnitsky, Phys. Rept. 112
(1984) 173.
[8] E791 Collaboration (E. M. Aitala et al.), Phys. Rev. Lett.
86 (2001), 4768.
[9] S. V. Mikhailov and A. V. Radyushkin, JETP Lett. 43
(1986) 712; Sov. J. Nucl. Phys. 49 (1989) 494; Sov. J.
Nucl. Phys. 52 (1990) 697; Phys. Rev.D 45 (1992) 1754.
[10] A. V. Radyushkin and R. T. Ruskov, Nucl. Phys. B 482
(1996) 625.
[11] V. M. Belyaev and M. B. Johnson, Phys. Rev. D 56
(1997) 1481.
[12] A. P. Bakulev and S. V. Mikhailov, Phys. Lett. B 436
(1998) 351.
[13] A. P. Bakulev, S.V. Mikhailov, and N. G. Stefanis, Phys.
Lett. B 508 (2001) 279.
[14] A. P. Bakulev, S. V. Mikhailov, and N. G. Stefanis, talk
presented at 36th Rencontres de Moriond on QCD and
Hadronic Interactions, Les Arcs, France, 17-24 Mar 2001,
e-Print Archive: hep-ph/0104290
[15] L. Del Debbio, M. Di Pierro, A. Dougal and C. Sachrajda,
Nucl. Phys. B (Proc. Suppl.) 83-84 (2000) 235.
[16] S. Dalley, Phys. Rev. D 64 (2001) 036006.
[17] M. Burkardt and S. K. Seal, Phys. Rev. D 65 (2002)
034501.
[18] M. Burkardt and S. Dalley, hep-ph/0112007.
[19] S. V. Esaibegyan and S. N. Tamaran, Yad. Fiz. 51 (1990)
485 [Sov. J. Nucl. Phys. 51, 310]
[20] V. Yu. Petrov and P. V. Pobylitsa, hep-ph/9712203.
[21] V. Yu. Petrov, M. V. Polyakov, R. Ruskov, C. Weiss, and
K. Goeke, Phys. Rev. D 59 (1999) 114018.
[22] I. V. Anikin, A. E. Dorokhov, and L. Tomio, Phys. Lett.
B 475 (2000) 361.
[23] T. Heinzl, Nucl. Phys. B (Proc. Suppl.) 90 (2000) 83.
[24] T. Heinzl, Lect. Notes Phys. 572 (2001) 55, hep-
th/0008096.
[25] M. Prasza lowicz and A. Rostworowski, Phys. Rev. D 64
(2001) 074003.
[26] I. V. Anikin, A. E. Dorokhov, and L. Tomio, Phys. Atom.
Nucl. 64 (2001) 1329.
9[27] I. V. Anikin, A. E. Dorokhov, and L. Tomio, Phys. of
Part. and Nuclei 31 (2000) 509 [Fiz. Elem. Chastits i
Atom. Yad. 31 (2000) 1023].
[28] A. E. Dorokhov, M. K. Volkov, and V. L. Yudichev, hep-
ph/0203136.
[29] A. E. Dorokhov, talk presented at the 37th Rencontres de
Moriond on QCD and Hadronic Interactions, Les Arcs,
France, 16-23 March 2002, hep-ph/0206088.
[30] R. L. Jaffe and G. G. Ross, Phys. Lett. B 93 (1980) 313.
[31] R. L. Jaffe, Relativistic Dynamics and Quark Nuclear
Physics, proceedings of the Los Alamos School, 1985,
edited by M. B. Johnson and A. Picklesimer (Wiley, New
York, 1986).
[32] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122 (1961)
345; 124 (1961) 246.
[33] For reviews see, e.g., U. Vogl and W. Weise, Progress in
Particle and Nuclear Physics vol. 27 (1991) 195; S. P. Kl-
evansky, Rev. Mod. Phys. 64 (1992) 649; M. K. Volkov,
Part. and Nuclei B 24 (1993) 1; T. Hatsuda and T. Ku-
nihiro, Phys. Rep. 247 (1994) 221; Chr. V. Christov, A.
Blotz, H.-C. Kim, P. Pobylitsa, T. Watabe, T. Meissner,
E. Ruiz Arriola, and K. Goeke, Prog. Part. Nucl. Phys.
37 (1996) 91; R. Alkofer, H. Reinhardt, and H. Weigel,
Phys. Rept. 265 (1996) 139; G. Ripka, Quarks Bound
by Chiral Fields Oxford Science Publications, 1997, and
references therein.
[34] W. Pauli and F. Villars, Rev. Mod. Phys. 21 (1949) 434.
[35] E. Ruiz Arriola, Phys. Lett. B 253 (1991) 430.
[36] C. Schu¨ren, E. Ruiz Arriola, and K. Goeke, Nucl. Phys.
A 547 (1992) 612.
[37] R. M. Davidson and E. Ruiz Arriola, Phys. Lett. B 348
(1995) 163.
[38] H. Weigel, E. Ruiz Arriola, and L. P. Gamberg, Nucl.
Phys. B 560 (1999) 383.
[39] R. M. Davidson and E. Ruiz Arriola, Act. Phys. Pol. B
33 (2002) 1791.
[40] P. J. Sutton, A. D. Martin, R. G. Roberts, and W. J.
Stirling, Phys. Rev. D 45 (1992) 2349.
[41] Review of Particle Properties, K. Hagiwara et al., Phys.
Rev. D 66 (2002) 010001.
[42] W. Bentz, T. Hama, T. Matsuki, and K. Yazaki, Nucl.
Phys. A 651 (1999) 143.
[43] A. Blin, B. Hiller, and M. Schaden, Zeit. Phys. A 331
(1988) 75.
[44] E. Ruiz Arriola and L. L. Salcedo, Nucl. Phys. A 590
(1995) 703.
[45] A. R. Zhitnitsky, Phys. Lett. B 329 (1994) 493.
[46] V. M. Belyaev and B. L. Ioffe, Sov. Phys. JETP 56 (1982)
493. For a recent review see, e.g., P. Colangelo and A.
Khodjamirian, in Handbook of QCD, ed. by M. Shifman
(World Scientific, Singapore, 2001) vol. 3 p. 1495.
[47] A. Vainshtein, V. Zakharov, and M. Shifman, JETP Lett.
23 (1976) 602.
[48] M. Gluck, E. Reya, and I. Schienbein, Eur. Phys. Jour.
C 10 (1999) 313. This reference does not provide errors,
so we assume similar errors as in Ref. [40].
[49] A recent direct measurement of PDA via the di-jet pro-
duction by the E791 collaboration [8] shows that at scales
Q ≃ 5− 6 GeV, the possible admixture of the Chernyak-
Zhitnitsky wave function is rather small
[50] In this paper we use the LO QCD evolution, where
α(Q) = (4π/β0)/ log(Q
2/Λ2QCD) with ΛQCD = 226 MeV
for NF = 3.
[51] Admittedly, one may worry that such a low scale as in
Eq. (2) may invalidate the use of perturbation theory. We
hope that the correspoding value of α/(2π) ∼ 0.3, which
typically is the expansion parameter, is low enough for
the approach to make sense.
[52] The light-cone coordinates are defined as k± = k0 ± k3
and d4k = 1
2
dk+dk−d2~k⊥
[53] The one-loop anomalous dimension γ
(0)
n > 0, and γ
(0)
n →
8CF log n for large n, which coincides with the case
of the non-singlet parton distribution functions used in
Refs. [37, 39].
[54] The condition for ϕpi(x) to belong to such a space is∫ 1
0
dx ϕpi(x)
x(1−x)
< ∞. The function ϕpi(x) = 1 does not
belong to this space, but it belongs to its closure. This
resembles the well-known fact that plane waves do not
belong to the space of square-summable functions in the
interval −∞ < x < ∞, but nevertheless may be approx-
imated by square summable-functions.
[55] This is xVpi(x,Q) = AV x
α(1 − x)β with AV such that
〈Vpi〉 = 2 and α = 0.64 ± 0.03 and β = 1.08 ± 0.02 (the
NA10 set) and β = 1.15 ± 0.02 (the E615 set). Our esti-
mate of error includes both sets.
[56] Of course, this estimate does not include systematic un-
certainties in NLO both for PDA and PDF.
